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Magnetic Force Microscopy: Quantitative Results Treatment

2.7.1 MFM general concept

The magnetic force microscopy general concept is
the registration of the force interaction between a
magnetic probe and a sample's magnetic field.
Today, there are two modes of the MFM operation:
static MFM [1, 2] and dynamic MFM [3, 4].

In the static MFM mode (dc), the interaction force
F 1s measured through the detection of the
cantilever deflection ¢ from the equilibrium
position which is given by

F
o~— 1
. (1)
where k& — the cantilever spring constant

(see chapter 2.1.2 "Deflections under the vertical
(normal) force component").

In the dynamic MFM mode (ac), the change in
resonant properties of the vibrating system
cantilever-sample is registered. In this case the
amplitude A, phase ¢ and resonant frequency ®,

of the cantilever oscillation must be detected. If the
force with the gradient 0F/0z acts on the cantilever

in the vibration direction z, the above mentioned
parameters variation can be expressed as
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where k — cantilever spring constant, O — vibrating
system quality factor, 4o — amplitude of cantilever
oscillation at resonant frequency @, in the absence
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of external force gradient. As can be seen from (2)—
(4), all three experimentally determined parameters
are linear functions of the force derivative. In
practice, however, 0F/dz is mainly determined by
measuring the cantilever phase variation (2).

Let us estimate forces and their gradients which can
be detected in the MFM. To do that, we calculate
the interaction force between two point magnetic
moments M; and M, separated by distance Tr.
Suppose one particle is on the cantilever tip and the
other - on the sample surface. The field created by
m; at m, location is:

p(p)=m)=m )

where n — unit vector in the r direction. The tip will
experience the force which is defined as the energy
gradient:

F =V(m,H) (6)

where B — magnetic field from the sample. If m; is
independent of coordinates, expression (6) can be
rewritten as:

F =(m,V)H (7)

Assuming that dipoles m; and m; are oriented along
the Z-axis, the force of their interaction in
accordance with (5), (7) is F' = —6mm,/z* and force
gradient is OF/6z =24mm,/z°. For iron (Fe)
particles having diameter 100 A magnetized to
saturation (m = 10'® emu) and separated by
distance 100 A the resultant force is estimated as
~10"" N and force gradient is ~107 N/m.
According to expression (1), deflection of the
silicon cantilever beam with spring constant
k=0.IN/m (k =1/c is calculated using cantilever
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dimension and Young's modulus, see (12)
in chapter 2.1.2 "Deflections under the vertical (normal)
force component") under the point force F =10"'N
is equal to 0 ~ 0.1nm . This value corresponds to the
minimal detected deflection of modern AFM
cantilevers.

The force gradient 6F/0z =107 N/m results in the
phase shift of the cantilever with quality factor
Q=200 and spring constant & =0.1N/m equal to
¢ which is much more than the minimal detected
signal.

& Summary.

— Two modes of the tip-sample magnetic
interaction exist: static MFM (dc) and dynamic
MFM (ac).

— In the dc mode the interaction force is measured
while in the ac mode - the force gradient.

— Dynamic mode of MFM operation is more
sensitive to the magnetic field variation than the
static one.

— In both modes the detected signals
do not depend directly on the sample magnetic
properties. Therefore, it is necessary to consider
available algorithms of the quantitative
interpretation of MFM data
(see 2.7.2  Algorithms for the physical
parameters of the sample obtaining).
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2.7.2 Algorithms for the physical parameters of
the sample obtaining

What information about the sample magnetic
properties can we reveal knowing the derivative of
the magnetic interaction force with respect to
vertical direction 0F/0z ?
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a. Spatial periodicity and domain structure
dimensions. Qualitative analysis

To get the sample qualitative picture and observe its
magnetic properties (for example, spatial periodic
domain structure), there often is enough to know
the derivative of magnetic interaction force. It is
clear that the detected force of magnetic interaction
and field are actually constant as tip moves over
domain. When the cantilever passes across a
domain wall, a smoothed step of the resonance
oscillation phase and amplitude is observed which
corresponds to the force change. This is, in fact, the
only picture we can obtain for the sample with a
rather coarse magnetic structure.

b. Quantitative analysis (classical approach)

To quantify the experimental data, the chart shown
in Fig. 1 is normally employed.

Probe-Sample
Interaction
Model

!

MFM Force Denvative
I easurement » dFir)fdz >

[nverse Source Determination of
Prohlem of Iiagnet Field abowve
Magnetostatics € Sample Surface
Solution {writh certain precision)

Fig. 1. MFM results processing chart

First, the 0F/dz value is calculated in accordance

with expressions (2)—(4) of 2.7.1 MFM general
concept using experimental results. Next, the
magnetic field is rendered in the tip vicinity. To do
that we need to choose a physical model that
describes the magnetic probe interaction with
external magnetic field. Depending on the probe
used, these models can be classified as follows [1]:
— Hard magnetic cantilever.
— General expression of the interaction force
between a magnetic cantilever and a sample
(see 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the
studied sample (general case)).
— Point dipole approximation
(see 2.7.4 Dipole effective magnetic
moment approximation).
— Point monopole approximation
(see 2.7.5 Effective monopole magnetic
charge approximation).
— Soft magnetic cantilever.
— Paramagnetic cantilever
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Thus, having chosen one of the mentioned models,
one can render the magnetic field distribution in
space above a sample. Notice that regardless of the
model chosen, the magnetic field map will be
rendered to some accuracy because firstly, the
probe oscillation amplitude is considered
theoretically to be infinite small as compared to
probe-sample separation. In practice, this condition
is almost never satisfied so the amplitude finitness
must be taken into consideration. In other words, in
MFM, 0F/dz is measured not locally but in some

tip vicinity dependent on its oscillation amplitude.
Experimental magnitude of O0F/dz is in fact the

averaged value in this vicinity. Secondly, the
finitness of the tip-sample interaction region is to be
taken into consideration, too.

The last step of the chart (Fig.1) is the sample
magnetic structure representation. To determine the
studied surface magnetization (distribution of unit
volume magnetic moment), the so called inverse
source problem of magnetostatics should be solved.
Remember that the forward problem is the field
calculation from the known sources while the
inverse problem is the sources positions
determination basing on the information about the
field structure. Thus, the inverse problem solution
means determination of magnetization distribution
across the sample surface under given magnetic
field distribution in space. Because the field
distribution has been previously rendered to some
accuracy, the magnetization distribution will be
rendered with a gross error. Moreover, in some
cases the inverse problem can not be solved in
principle. That's why another algorithm of MFM
data quantitative interpretation is needed.

c. Parametric method (alternative to classical
approach)

To interpret quantitatively the experimental results,
the following algorithm shown in Fig. 2 is proposed.

Cualitative analysis. Analytical or Telection of
Selection of Sample Cuantitative Calculations 3l TrobeSample
Magnet Structure - of Magnetic Field - Tnteract on D,fodgl
Tdodel above Sample

A A

1FL WVariation of o
Ieamrement Model Parameters |

4

Chantitative Sample
Parameters Data

Y
Calewlation of Spatial
Dependence of
Obszerved Quantities
(amplitude, phase, frequency)

Fig. 2. Algorithmic diagram of MFM data analysis
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First, the qualitative analysis of the studied sample
is performed. Then, the acquired qualitative
relations are compared to theoretical ones obtained
from model problems. Here it means that we can
choose between various theoretical expressions for
the derivative of the magnetic field force acting on
the tip calculated for the most common magnetic
structures. In particular, such database should
contain as a minimum qualitative MFM results for
the following magnetic structures: single magnetic
bubble, periodic magnetic bubble pattern (with
variation in size and magnetization orientation),
2.7.11 Magnetic field of cylinder domains; single
laminar domain, periodic pattern of laminar
domains (with variation in size and magnetization
orientation); periodic pattern of parallel domains,
2.7.12 Magnetic field of periodic parallel domains,
etc. Having compared experimental data with an
image from the database, we can choose the sample
configuration model that fits best.

Further, we select a model of the tip interaction
with an external magnetic field (these models are
mentioned above) and within the framework of this
model compute variation in detected parameters
(phase, amplitude, frequency) having set previously
the problem initial parameters: probe geometry,
probe magnetization, tip-sample separation. Then,
by varying the model unknown parameters
depicting the sample magnetic structure, achieve the
best agreement between calculation and
measurement. These unknown parameters that
provide the agreement represent the quantitative
data about the sample magnetic structure.
Sometimes, limited experimental data restrict the
determination of the model parameters uniquely
with high accuracy. In this case, according to the
analysis results it is possible to limit the range of
allowable values of the model parameters.

Thus, to quantify the magnetic characteristics of the

studied structures within the framework of this

algorithm, it is necessary:

— to perform the qualitative MFM investigation of
the sample structure.

— to choose the model of the magnetic field
distribution in the sample.

— to choose the model of the probe interaction
with the sample magnetic field.

— to adjust such unknown parameters of the
sample magnetic field model that calculation
and measurement agree well.



2 Summary

— In this section the basic problems of MFM data
interpretation are considered.

— Two algorithms of the MFM data analysis are
theoretically examined.

— It is shown that to solve in principle the inverse
problem of magnetostatics one should just
choose the model of the probe interaction with
the sample field and know magnetic
characteristics of the probe. In practice,
however, it is more efficient to wuse the
parametric method of MFM data analysis.
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2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case)

If we know the magnetic field H(r) from the
sample, then force /' acting on magnetic cantilever
and its derivative F, in n direction can be

calculated by integrating the force acting
on unit volume dV over the ferromagnetic film
volume V, [1]:

F=[V,(M(r,) H(r+r, )V (1)

V.

c

Fy=[nv, (09, (M, (n)-Hir+r v @)

n
Vc

where M ,(r,) — magnetic moment per cantilever
magnetic layer unit volume, H(r +r,) — magnetic

field from the sample, » — vector corresponding to
the tip position, 7, — vector corresponding to the
elementary magnetic moment position relative to r,
n — normal vector to the probe surface collinear
with its principal axis of symmetry (Fig. 1).
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\..
Fig. 1. Model geometry used to calculate force and its derivative
acting on tip

If vector n is directed along Z axis, then force (1)
and its Z-derivative (2) are:

OH oH OH
F= (MTX =+ M, ~+ M, ZJdV 3)
b Oz oz z
. OF 0*H 0’H 0’H
F=—=|M,—~+M ~+M =\dV
Oz ;'. ( ™ 672 ooz? = ozt J

“)

Magnetic field H(r) from the magnetic sample can
be calculated in two ways. The sample is divided
into elementary magnetic domains m/ and at any
space point » the magnetic field from every domain
m’, which is determined by well known formula
[2], is summed:

H(r) = 3(r —rsj Xmsf -(r - rsj ))_ msj 5)

3

where 7/ — distance from the point of origin to the

sample magnetic domain m/ .

According to [3], magnetic field H(r) can be
calculated from the following equation

(r=r)

3

av,+ [ n-M0) r=r) 4

H(r)== [ V-M,x) - ds,
rer

sample
volume

r—r

K

sample

(6)
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where r, — distance from the point of origin to the
sample magnetic domain M (r) and n,Z — normal

vector to the sample surface. Substituting into
equations (1), (2) instead of H(r) expressions (5)

and (6), we can find F and F,.

& Summary

— Described is a model that in a general case
allows to calculate the force acting on the probe
with known magnetic characteristics at a given
point in space over the sample having arbitrary
distribution of the magnetization vector and its
derivative.

— This model is valid only for hard magnetic
cantilevers and samples when mutual
interference of sample M (r) and probe

M .(r) magnetization is not taken into
consideration.
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2.7.4 Dipole effective magnetic moment
approximation

Within the framework of the point dipole model the
probe magnetic properties are considered to be
entirely defined by its dipole effective magnetic
moment m,; as well as by position r, of this

resultant moment inside the cantilever (Fig. 1).
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Fig. 1. Dipole model of point interaction between probe and
magnetic field

If the probe tip is perpendicular to the sample
surface (n and Z are collinear, see Fig. 1), then
expressions (3), (4) of 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case) in the point dipole
approximation can be rewritten as:

F(r)y=m,, %;rm) (D)
OF(r) _ ~ O'H(r+r,)
B A )

that is both F and 0F/dz depend on the field
magnitude only at conditional point »+ 7, where
dipole is placed.

To determine field magnitudes that make point
dipole model applicable, one should compare
equations (1) of this section and (3) of 2.7.3
Interaction of the hard magnetic cantilever with the
magnetic field of the studied sample (general case)
written for the same field. Applicability criteria to
within second derivatives is given by (simplified
formula from [1]):

2
;[—VHI- <<1 3)

1

where H, — field components (i=x,y,2),

A — Laplacian, / — characteristic tip size (linear



dimension of tip area interacting with magnetic
field). This expression can be simplified as

12
<l 4

where ¢ — characteristic scale of field variation,

1.e. the distance at which the field changes are of its
own order.

Model parameters m,; and r, are determined

experimentally for every cantilever. A calibration is
performed in the known magnetic field. For this
purpose, microscopic loops with flowing current
and calculated magnetic field distribution [2] can be
used. They are fabricated photolithographically on
the sample surface. The force derivative OF/oz is

measured at different heights above the sample
surface. Then parameters m,, and r, are varied to

get the best agreement between measured
{0F (r)/éz}, and calculated {mgﬁ@zH(r+rm)/62}[

values.

Despite the simplicity of this method of the
cantilever calibration and further interpretation of
MFM results, this model is applicable only to some
cantilever types and magnetic samples. It was
shown, that for samples with sufficiently different
attenuation length of magnetic field but having the
same field magnitude as that of the calibrating
sample, values of m, and r, must be quite

m

different. In [2] the dependence of m, and r, on

attenuation length was studied using the calibrating
Q-shaped metallic loops at constant cantilever
oscillation parameters. It is well known that the
magnetic field on the axis of the ring with flowing
direct current is inversely proportional to the ring
radius and attenuation length is about the radius R.
Table 1 presents dependences of m, and r, on

radius of studied rings [2].

m., . A® R, m r

e > o M [, m

6,009-10

6,030-10"

5,2:107

9,285-10’

4,744-10

1,419-10°°

1,31-10°

2,564-10°°

2,042:-10° "

2,369:10°°

2,86:10°

5,292:10°°

Table 1. Values of m 7 Fn and | atvarious R

€]
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In table 1 parameter / stands for the tip length
counted off from its end and contributing to the
interaction with the magnetic field. In [2] it is
determined as follows. First, the tip magnetization
is measured wusing superconducting quantum
magnetometer and magnetic moment per tip coating
unit volume is calculated. Then, considering the tip
as a regular quadrangular pyramid, integration is
performed to determine the sum magnetic moment.
The region of integration / is varied to fit the
experimental value of m,, . From table 1 it follows

that / is a linear function of the ring radius R and
hence is proportional to attenuation length ¢ .

In that way, since effective magnetic dipole
depends on sample magnetic characteristics, it is
problematic to quantify MFM data for classical
silicon tips with magnetic coating. Nevertheless,
this model is useful for qualitative interpretation of
measurement results or for quantifying data
obtained with tips made of magnetic nanoparticles.

& Summary

— In the dipole effective magnetic moment model
it is considered that tip magnetic properties are
entirely defined by its effective magnetic dipole
moment m,; and position 7, of this resultant

moment inside the cantilever.

— This model is applicable for qualitative analysis
of MFM data in case of meeting the conditions
3), (4).

— Quantitative analysis of MFM results is difficult
because parameters of effective magnetic dipole
themselves are dependent on the studied sample
magnetic characteristics.
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2.7.5 Effective monopole magnetic charge
approximation

Along with the model of point dipole
(see chapter 2.7.4 Dipole effective magnetic
moment approximation), an alternative model of
point monopole charge exists which allows to
describe in some cases the cantilever interaction
with the magnetic field.

Consider the cylinder of length L and radius R
uniformly magnetized along lateral surface in the z-
axis direction as a magnetic probe (Fig. 1). Magnetic
material in Fig.1 is cobalt.

=

.H._.....
-

Z
.a/ i
e -~
’/”/’/
- .
£ _:X
1l t [—T1+ J~—1]1%t]—]

Sample
Fig. 1. On the monopole approximation

Let the bottom end of the probe be at the point with
radius-vector 7. Denote z as the unit vector along
the z-axis. Suppose that the attenuation length of
magnetic field { 1s much less than L, then the
magnetic field at the probe top end
H_.(r+zL)—> 0. Moreover, let magnetic field
vector H be almost independent on x and y at least
within the distance of probe radius R. Then the
force acting on the probe along z-axis in accordance
with chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) is given by:

m -L[ OH . (r + Zz) m

F.r)=" ~ dz=Z(H(V+ZL)—H(r)):—%H:(r)

0

(1)

where m — total magnetic moment of the cylinder. If
the probe is of finite length, i.e. condition ¢ << L is

not met properly or probe section is not constant,
the calculation and measurement agree well in case
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the point monopole is supposed to be placed some
distancer, from the probe end.

F.(r)=qH_(r+r) 2)

where g =—m/L — magnetic moment per cylinder

unit length which is called the monopole charge.

In the point monopole model it is considered that
the probe magnetic properties are completely
defined by its effective magnetic monopole charge
g and by position r, of this resultant monopole

inside the probe (Fig. 1). In this case, the force acting
on the probe in the z-axis direction is proportional
to the magnetic field magnitude and is given by (2)
while its derivative is

H_(r+r
an(r):q5 r+r) 3)
oz 0z

As can be seen from (2), the effective force just
reflects the magnetic force distribution and force
directional derivative — the field derivative
correspondingly.

In practice, this model is used by analogy with the
dipole model described in chapter 2.7.4 Dipole
effective magnetic moment approximation. Using
calibrating samples with known magnetic field
distribution, ¢ and r, parameters are varied to

obtain the best agreement between theory and
experiment. This model works well at large
distances from the sample surface when the field
changes slowly. However, like in case of dipole
approximation, magnitudes of ¢ and r, must be

different for samples with the field attenuation
length different from that of the calibrating sample.

& Summary

— In the model of effective monopole magnetic
charge it is considered that the probe magnetic
properties are completely defined by its
effective magnetic monopole charge g and by

position r, of this resultant monopole inside the

probe.

— It is difficult to quantify MFM data in the
framework of this model because parameters of
effective magnetic monopole are themselves
dependent on the studied sample's magnetic
characteristics.



— This model can be applied to analysis of MFM
data only in case of narrow tips with constant
section at distances exceeding much the
magnetic field attenuation length.
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2.7.6 Interaction between soft magnetic probe
and magnet sample

In chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) we described the general
model of a hard magnetic probe interaction with a
magnetic field of a sample and neglected the fact
that a tip and a sample can mutually affect their
magnetic characteristics. This influence should, in
fact, be taken into account when constructing
theoretical models of a hard magnetic tip interaction
with the sample magnetic field. An assumption that
the sample magnetization is not affected by the tip
magnetic field is a good approximation for hard
magnetic samples and is not valid for the soft ones,
for example, for NiFe (permalloy) [1, 2, 3].

In [4] it is shown that the tip magnetic field affects
the magnetic properties of the sample and vice-
versa in case when magnetic field of one exceeds
the magnetic anisotropy field of the other:

H">H; or H® > H], (1)

where H” and H® — magnetic fields of tip and
sample and, respectively, H), H,; — magnetic
anisotropy fields. Near the tip and sample surface
the magnetic field can be taken equal to 4zM ,
where M — a material magnetization, and can
exceed much the magnetic anisotropy field of a soft
magnetic material like iron or permalloy. To avoid
this effect it is necessary to increase the tip-sample
separation [5] that results in sufficient lateral
resolution deterioration.
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In [2, 3] the theories were developed that take into
account the magnetization vector rotation under the
external magnetic field. These theories predict the
appearance of an additional attraction force between
a tip and a sample because magnetic moments in a
sample tend to align with the tip magnetic field and
vice-versa. This effect was observed in permalloy

[5].

Perhaps, the most successful way of the tip-sample
interaction description is the determination of a
system minimum energy. The method is a sample
decomposition into infinitesimal cells and a
subsequent calculation of the minimum energy of
magnetic states taking into consideration the
exchange interaction, anisotropy energy and
magnetostatics. In [6] this method was used for the
calculation of the permalloy domain walls
distribution in the presence of the iron tip. In [7] the
energies of the tip magnetic states equilibrium and
the resultant force acting on it in the magnetic field
was calculated by integration of the Landau-
Lifshits-Hilbert equation.

2 Summary

— In case when magnetic field of a sample
exceeds the magnetic anisotropy field of a tip
and vice-versa, they can mutually affect the
magnetic characteristics of each other.

— Presented is a brief review of quantification
methods of a soft magnetic tip interaction with a
sample magnetic field and, accordingly, a soft
magnetic sample interaction with a tip magnetic
field.
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2.7.7 Interaction between paramagnetic probe
and magnet sample

If magnetic field H(r) produced by a sample is
known, then force /' on a magnetic cantilever and
its derivative F, in direction n can be calculated

integrating the force acting on the elementary
volume dV over the whole ferromagnetic film
volume V. [1]:

F=[v,(M(r) H(r+r )V (1)

V.

c

n

F':_[”'Vr(”'Vr(MT(rV)'H(r+VV)))dV ()

where M, (r,) — magnetic moment of the unit
volume of the cantilever magnetic coating,
H(r+r,) — magnetic field from the sample,
r —vector corresponding to the probe's tip position,
r, — vector corresponding to the elementary

magnetic moment position relative to r, n -
normal vector to the probe surface collinear with its
principal axis of symmetry (Fig. 1).

A

Tt =173 [—T°tT—]
Sample

Fig. 1. The model geometry used to calculate the force and its
derivative acting on a tip

If vector n is directed along the Z-axis, then force
(1) and its Z-derivative (2) can be written as

OH H
LM oH,

oz = bz

F= j[MTx M, o m JdV 3)
v Oz

Magnetic Force Microscopy: Quantitative Results Treatment

“)

For paramagnetic materials, the magnetization
vector M, depends on external magnetic field
magnitude [2]. Particularly, if external magnetic
field is zero, the magnetization inside the material is
zero. Otherwise, it is equal to [2]

MT[ :ZikHZ (5)

where y, — tensor of material magnetizability,

H, — magnetic field inside the material induced by

external field H. The relation between vectors
H and H" can be obtained from boundary
conditions for normal (denoted as n) and tangential
(denoted as ¢) components of vectors H,
B, = u, H, attwo media interface [2]

H,=H, B, =B, (6)

where u, =1+4nzy, — tensor of the medium

magnetic permeability. Thus, the magnetization
vector of the paramagnetic probe M, depends on

external magnetic field spatial distribution in
accordance with formulas (5,6).

As an MFM tip, a carbon nanotube deposited onto
the standard cantilever tip, can be used [3, 4].
Carbon is a paramagnetic material, therefore, the tip
magnetization is a function of external magnetic
field in accordance with (5). Let us determine the
magnetization of the nanotube placed in a uniform
magnetic field.

The carbon nanotube is cylindrically shaped and its
length is normally much more than the radius. In
this case, its geometry can be approximated by an
ellipsoid of revolution. The relationship between
magnetic field A~ inside the ellipsoid and uniform
external magnetic field /H is given by [5]

H +n(u,H,-H)=H, (7

where n, — tensor of demagnetizing factors. Then,

determining A~ from (7) and substituting it into
(5), we can obtain the magnetization of the
nanotube in the uniform magnetic field.



2 Summary

— Described is a model which allows to determine
in a general case the force and its derivative
acting on a paramagnetic tip with known
magnetic characteristics.

— The magnetization vector of paramagnetic tip
depends on spatial distribution of external
magnetic field in accordance with formulas
(5,6).

— Magnetization of a nanotube in a uniform
magnetic field is considered.
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2.7.8 Methods of magnet probe parameters
estimation

At the present time there are a lot of MFM probes
of various types [1]. The proper choice of a probe
for studying a specific microstructure is sometimes
an independent and complicated problem and is
determined by a researcher experience. To simplify
the problem, one needs to have techniques that
allow to quantify magnetic characteristics of probes,
the major of which are the magnetic moment per
unit volume of a film (magnetization) and magnetic
coating coercivity.

To characterize probes, many methods were
proposed from analysis of their interaction with a
hard disk or magnetic tape surface [2], including
measurements of magnetic heads field [3] to even
exotic technique connected with studying the
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magnetotactical bacteria [4]. However, the simplest
from the standpoint of interpretation 1is the
technique of the interaction detection between the
tip and the magnetic field of a current-carrying
microconductor. The magnetic field of such systems
can be calculated with a high accuracy using
methods of conventional magnetostatics even in an
analytic form in most cases.

In [5] it was proposed to use a straight current
carrying strip line for this purpose. The scanning
was performed across the strip in the presence of
external magnetic field. Determined was the
coercitive field (along and across the tip) for the
following coatings NiFe, CoCr (150A, 400A),
CoCrPt , Co . Also, the authors of [5] succeeded in
estimating an effective magnetic moment. However,
in [6] the role of the electrostatic interaction with a
conductor was revealed and a method of
electrostatic and magnetic interaction separation
was proposed. Though in [5] the electrostatic
interaction was not taken into account, the sample
was prepared very thoroughly. In particular, a thin
layer of gold several tens of angstrom thick was
deposited over a dielectric layer. The golden
coating was connected to the ground potential that
apparently minimized the electrostatic interaction of
a probe with a current-carrying conductor.

Further development of magnetic probe calibration
techniques led to the use of a current €2 — ring
magnetic field. In [7] the rings of diameter
1-5 micron and strip width of 200 nm manufactured
by submicron lithography were first used for the
magnetic tip calibration. However, the qualitative
analysis of the experiment was not quite correct, in
particular because the authors used the model of a
point dipole assuming that it was situated precisely
at the tip end. As is shown in [8], such assumption
results, after accurate data processing, in
unreasonable magnitudes of effective monopole and
dipole. A more accurate experiment [8] permitted to
determine the magnitude of magnetic dipole and its
location inside the sample. It was shown
experimentally that the effective dipole should be
located approximately in the center of an area
whose vertical dimension depends on characteristic
attenuation length of magnetic field. This length is
proportional to the ring radius. In this case, the
cantilever magnetic moment becomes dependent on
the radius of the ring used in experiment. A
theoretical calculation by integration over the



interaction region under the assumption that the
magnetic moment of the film unit volume is equal
to macroscopic saturation magnetization of the
coating material, gives a reasonable agreement with
measurement results.

Thus, the effective moment of the tip with magnetic
coating depends on what kind of magnetic structure
is studied. Therefore, for such tips it is reasonable
to measure and tabulate not the magnetic moment
of the tip but the magnetic moment per unit area of
a coating film. On the other hand, determination of
the total magnetic moment for tips with localized
magnetic moment [9, 10, 11, 12] is quite reasonable
and in this case its location is determined
unambiguously.

To measure the hysteresis loop of tips magnetic
coatings, in [13] it is proposed to place the whole
cantilever in a magnetic field with changing
gradient (external coil produces field of 0.2 Oe) and
frequency close to the cantilever resonant
frequency. Measuring the amplitude of oscillations,
the force magnitude was estimated and the magnetic
moment was determined in relative units.
Varying the external field by permanent magnet
(up to 280 Oe), the authors measured the hysteresis
loop for such coatings as CoCrPt/ NiFe , Cogy,Pt,,,

CoCr .

In chapter 2.7.4 Dipole effective magnetic moment
approximation and chapter 2.7.5 Effective
monopole magnetic charge approximation the
technique of determination of point dipole and
monopole effective value is described in detail.
However, as it is pointed out before, the
quantitative  characteristic ~of point  dipole
(monopole) and its location in a probe depend much
on the attenuation length of a studied sample
magnetic  field.  Therefore, in order to
unambiguously calibrate the magnetic probe it is
necessary to measure the magnetization of the probe
ferromagnetic hard magnetic material.

For this purpose, a special Flash model was
developed which calculates theoretically the change
in amplitude, phase and frequency of a probe
oscillation or the static deflection of a probe during
the second pass across a sample surface in the
standard AC MFM mode. In this model the current-
carrying rectangular conductor acts as the sample
for study. The spatial distribution of magnetic field
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produced by the current in a rectangular strip is
obtained in chapters 2.7.9 Magnetic field of
rectangular conductor with current.

Utilizing a general case of the model of a hard
magnetic probe interaction with a sample magnetic
field (see chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case)), a theoretical
analysis of the current-carrying strip magnetic field
interaction with probes of various types: cylindrical,
spherical, conical, and diamagnetic conical with
ferromagnetic coating is performed (see chapter
2.7.9 Magnetic field of rectangular conductor with
current and Appendices for it). The models allow to
study the effect of variation of sample geometry,
probe parameters (dimensions, magnetization,
stiffness, resonant frequency, quality factor),
measurement mode parameters within permissible
limits. The calculation of the amplitude, phase and
frequency change is performed in accordance with
formulas (18), (16), (11) of chapter 2.3.4 "Cantilever
small oscillations in a force field".

Thus, substituting the experimental data of the strip
line magnetic field MFM measurements in AC
mode into this Flash model, it is possible to
compare them with theoretical ones at various probe
and sample parameters. Hence, using this model,
one can determine unknown parameters of the
probe (magnetization, in particular) by varying
model parameters until experimental and theoretical
data fit well. Moreover, a set of optimal parameters
can be selected that provides the maximum change
of detected signals from given samples.

2 Summary

— A review of magnetic probes calibration
methods and accompanying problems is
presented.

— The most widespread and simple enough
technique of a probe magnetic characteristics
determination is its calibration in the magnetic
field of a current-carrying microconductor.

— Presented are the theoretical aspects of a Flash
model which allow to calculate the measured in
a standard AC MFM mode parameters
depending on the sample parameters (strip
line/ &2-ring).
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— By means of the developed Flash model one can
determine unknown probe parameters appearing
in an experiment and choose an optimal set of a
system theoretical parameters that provides the
maximum change in detected signals.
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2.7.9 Magnetic field of rectangular conductor
with current

Flash model

Let us calculate the spatial distribution of magnetic
field generated by density ; current passing

through a rectangular conductor having length L,
width w and thickness 4, L>>h and L>>w

(Fig. 1).
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Fig. 1. Cross-section of rectangular conductor

t
Fig. 2. Schematics of infinitely-thin wire which carries constant
current J

According to the Biot-Savart-Laplace law [1, 2],
magnetic field A from the infinitely-long thin
current-carrying wire at distance r» (Fig. 2) in
Gaussian coordinates is given by

- (1)

r

2 ) . .
where f=—, ¢ — light velocity, J — current in the
c

wire, the magnetic field vector and vector product
J xr being codirectional.
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Dividing the conductor cross-section into a infinite
number of wires having section dS =dxdz as in
Fig. 1, we can write the magnetic field of
elementary wire at point A(x,,y,) in accordance

with formula (1) as follows:

dH (x,,z,)= VSN ixdz
r
dH ,(x,,2,)=0 (2)
dH (x,,2,) = —L=2% dvdz
r
where r=0, Jj —  current  density,

r= =) +(

elementary wire to point A, « — angle between

z, +z)° — smallest distance from

vector r and axis X, and
) Zy+z
sina = = =,
\/(xo —x) +(Zo +Z)
X, +Xx .
cosa = 4 . We will not

o =) +(z0 +2)°

calculate further the magnetic field along the Y-axis
because at an arbitrary point (xo, yo,zo) it

obviously is zero.

The total magnetic field at point A(xo, yo) can be

calculated by integration of expression (2) over the
conductor cross-section:

(% =) + (2 +2)° W (o =) +(z, +2)

yji{]-“ i Z,+2 zdpf\lnijvz Z Zy+2 zdp}dz
0 0 0

P +(zy+2)

H(xu 0 }I .[ dH YO zo)dvdz )J‘{J Tk dY+".rZ Z,"+Z dx}dz:

H.

Xo»Z0) )J’ j dH (x,, 2, )dxdz = )I|: J’ XX dx+“'|.z X% dx}dz:

(x, — x) +(zy + z) o (x, —)c)Z +(zy + z)z

Wwi2ix, xg-wi2
-p P
dp + — ~dp |dz
“ PGty j P e }

€)

where we made the transformation of wvariable:
p =x, — x . Integrals of the following type

h py

H (D> 20) = yjj +ZE -:-Zi-z) dpdz,
- (4)
H(py»2,) = y_[ Imdpdz
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can be expressed through analytical functions as
follows:

H,(py,2,) =2 poln| 1 w +2(z, + h)arctan P — 2z, arctan Po
2 pﬂ + Zo zy+h z,

F[z(po,zﬂ) ==z, ln(l + —J (zy + h)ln[l + 3 J ZpD[arctan[Z“ b h] - arctal{z—ojj
Zo +h)? Po Po

(5)

The Z-derivatives of functions H, and H. in
accordance with (5) are given by:

M: y| arctan _Po_ —arctan Po
dz, h+z, Zy

dH (pO’ZO) y ln 1+p0 ln 1+ pé
dz, 2 z (zo+h)2

Similarly, the second derivatives of functions H

(6)

and H _ along the Z-axis in accordance with (5) are
determined by following expressions:

d2]—~lx(p0)zo) -y, |: 1 _ 1 :|

dz; 12+ (h+z) +p; (7)
dzﬁv(pmzo) 2|: 1 1 :|

2 =P 2 2]~ 2, 2

dz, (2 ""h)l_Po +(zy+h) _| Zo(zo +po)

Thus, magnetic field / defined by expressions (3)
can be written using formulas (5) as follows

H =H (w/2+x,,z2,)-H,(x,

H. ﬁ(w/2+x0,zo) ﬁz(

—w/2,z,)

8
—w/2,z,) ®

The derivatives of magnetic field A components
along the Z-axis, by analogy with (8) and in
accordance with (6), are given by:

~

dH = aH, Ww/2+x,,z )——dH“‘ (x,—w/2,z,)
0°<0 0 0
dz, dz, dz, )
dH, _dH, (w/2+xo,zo)—di(x0 w/2,z,)
dz, afz0 dz,



The second Z-derivatives of magnetic field H
components, by analogy with (8) and in accordance
with (7), are given by:

2 277 2

d }2[" = d ]Zx (w/2+x0,zo)—d7}21"(xo—w/2,zo)

dZO dZO dZO (10)
2 2717 2717

dH, _dH, (w/2+x0,zo)—ﬂ(x0—w/2,zo)

2 2 2
dz; dz; dz;

Using analytical expressions of the magnetic field
first and second Z-derivates, one can calculate the
interaction force (and its first derivative) between
magnet probe and rectangular conductor with
current. These calculations for different probe
geometry are given in Appendices.

The analysis of interaction between magnet probe
and rectangular wire can be performed using a
special Flash application. Using this application
which is based on the theory of cantilever small
oscillations, the probe amplitude, phase and
resonance frequency in standart MFM method can
be calculated.

B Summary

— Derived are analytical expressions for spatial
distribution of magnetic field, its first and
second  derivatives over the  surface
of rectangular conductor with  current
(see formulas 8-10).

— Theoretical expressions for spatial distribution
of magnetic field, its first and second
derivatives as a function of conductor
parameters can be analyzed using a special
Flash application.
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e Appendices

Appendix 1. Calculation of the force and force
gradient on a cylindricalferromagnetic probe in
the magnetic field of a conductor.

ferromagnetic
material

e

Fig. 1. Schematic representation of a cylindrical probe.
Vector ¥, has coordinates (xo,yo,zo)

As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force F acting
on magnetic cantilever and its derivative dF/dz,

can be calculated integrating the force on
elementary volume over all the ferromagnetic
material. Taking into consideration the tip shape
and supposing that magnetic field along the Y-axis
is equal to zero, the force and its Z-derivative can
be expressed through function G(x,,z) in

accordance with formulas (1, 2) in chapter
2.7.3 Interaction of the hard magnetic cantilever
with the magnetic field of the studied sample
(general case) as follows:

£ dH dH . —
G(xo,z):—2M,j d—z(x0+x,z)cosa+ » *(x, +x,z)sine [WR? — x*dx
SR\ 420 Zo

zo+L

F(xy,z,) = IG(xO,Z
N (1)

M:ﬂxo,zo +L)=G(xp,2y)

dz,
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where derivatives of magnetic field H in the
analytic form are given by formulas (9,10) in
chapter 2.7.9 Magnetic field of rectangular
conductor with current.

Appendix 2. Calculation of the force and force
gradient on a sphericalferromagnetic tip in the
magnetic field of a conductor.

Let us determine the force and derivative of the
force acting on a spherical ferromagnetic tip of
radius R and magnetization M, placed in a

magnetic field of a current carrying conductor. Let
the magnetization vector M, be directed throughout

the tip volume on the angle « to the Z-axis (Fig. 2).

ferromagnetic

material
.

Fig. 2. Schematic representation of a spherical probe.
Vector 7, has coordinates (X,, ¥, Z,)

As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force /' acting on
magnetic cantilever and its derivative dF'/dz, can

be calculated integrating the force on elementary
volume over all the ferromagnetic material. Taking
into consideration the tip shape and supposing that
magnetic field along the Y-axis is equal to zero, the
force and its Z-derivative can be expressed in
accordance with formulas (1, 2) in chapter
2.7.3 Interaction of the hard magnetic cantilever
with the magnetic field of the studied sample
(general case) as follows:

2R a(z)
F(x,,2,) =—2M, jdz j {‘g[: (x, + X, 2, + z)cos@ +%(xo +x,2, +z)sinaj a(z)? —x*dx
0 — 0 0

a(z) Z
dF (x,, w0 (dPH, d’H .
M:—ZM,Idz I 22 (% + X, 2y + 2)cos & + ——*(x, + X, 2, + Z)sina ya(z)’ —x*dx
dz, 0 -\ 4% dzy

2)
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where a(z)=+R*—(z—R)’> and derivatives of

magnetic field A in analytic form are given by
formulas (9,10) in chapter 2.7.9 Magnetic field of
rectangular conductor with current.

Appendix 3. Calculation of the force and force
gradient on a conical tip covered
with a ferromagnetic film in the magnetic field
of a conductor.

Let us determine the force and derivative of the
force acting on a conical tip covered with a
ferromagnetic film placed in a magnetic field of a
current-carrying conductor. The tip has radius R,
length L and cone angle 8 ; the ferromagnetic film
has thickness H ;, and magnetization M, directed

along the Z-axis (Fig. 3).

ferromagnetic

ﬁ film \

probe tip

Fig. 3. Section of a conical probe covered with
a ferromagnetic film.

Vector 7, has coordinates (X, V,,Z,)

As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force F acting on
magnetic cantilever and its derivative dF'/dz, can

be calculated integrating the force on elementary



volume over all the ferromagnetic material. It shall
be convenient to perform the volume integration in
three steps.

The first step is the determination of the force and
its derivative acting on the spherical part of the tip.
Supposing the magnetic field along the Y-axis for
this part equals to zero, the force and its Z-
derivative can be expressed in accordance with
formulas (1, 2) in chapter 2.7.3 Interaction of the
hard magnetic cantilever with the magnetic field of
the studied sample (general case) as follows:

H ilm
D AH (x4 x,z, +2)

F(x,2) ==2M, | dz | y a(z)—x*dx
0 —a(z) 29
Hw  a(z) 42
dF}SCOnZO):_th J' dz J' d Hz(xod+2xazo+z) a(z)—x2dx
ZO 0 —a(z) ZO
3)

where a(z)=\/(R+H,,)" ~(z-R—H,,)’ and

derivatives of magnetic field / in analytic form are
given by formulas (9,10) in  chapter
2.7.9 Magnetic field of rectangular conductor with
current.

The second step is the determination of the force
and its derivative on the nonmagnetic internal cone
supposing that the magnetization vector throughout
the cone volume is nonzero and coincides with M, .
This operation is also performed in accordance with
formulas (1), (2) in chapter 2.7.3 Interaction of the
hard magnetic cantilever with the magnetic field of
the studied sample (general case) to give:

L b(z)

Fy(xy,z,) =-2M, j dz j aH. (%, :;Zx’ 2+ 2) (b(z)) — x*dx
Hyp o =b(2) 0
L b(z) ;2
Bl gy, [ g [ HEOLEELED [0f ax
dz, 0 H —b(z) dz, 0
(4)
where
1
z—Hﬁ,m—R(l— j 0
b(z)= 28 and p=2-2
1gp 2 2

The third step is the determination of the force and
its derivative on the outer part of the cone excluding
the tip spherical part supposing that the
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magnetization vector throughout the cone volume is
nonzero and coincides with M, . In this case

L b+ H gy
dH
Fy(xy,2z,)=—2M, I dz j = (xy +X,2y +2) (b(z)+Hﬁ,m)2 —x’dx
Hpyw  —b()-H g, dz,
dF . L b H g o -
W:—ZM, [z [ S5 +xz 2|+ 1y, P -
Zo

Hyy  -b(:)-Hg, %o

The total force and its derivative on this tip are then
given by:

F(xy,2) = F{(X4,29) = F5(xy,20) + F3 (%, Zy)
dF (x,,2,) _ dFi(xy,2,) _ dF,(x,,2,) " dF;(xy,2,) (©)
dz, dz, dz, dz,

Appendix 4. Calculation of the force and force
gradient on a conicalferromagnetic probe in the
magnetic field of a conductor.

Let us determine the force and derivative of the
force acting on a conical tip covered by a
ferromagnetic film placed in a magnetic field of a
current-carrying conductor. The tip has radius R,
length L and cone angle @; its magnetization M,

is directed on the angle « to the Z-axis (Fig. 4).

ferromagnetic
material

/

Fig. 4. Section of a conical ferromagnetic probe.
Vector #, has coordinates (X, ,,Z2,)



As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force F acting
on magnetic cantilever and its derivative dF/dz,

can be calculated integrating the force on
elementary volume over all the ferromagnetic
material. It shall be convenient to perform the
volume integration in two steps.

The first step is the determination of the force and
its derivative acting on the spherical part of the tip.
Supposing the magnetic field along the Y-axis for
this part equal to zero, the force and its Z-derivative
can be expressed in accordance with formulas (1, 2)
in chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) as follows:

H gy, a(z)
dF,(x,,2,) =M, j‘ dz J' dsz(xod+2xazo +2)
2o

dz, o

a(z)— x2dx (7)

—a(z)

where  a(z)=+4R* -

derivatives of magnetic field H in analytic
form are given by formulas (9,10) in
chapter 2.7.9 Magnetic field of rectangular
conductor with current.

(p———— and

The second step is the determination of the force
and its derivative on the cone excluding
its spherical part. This operation is also performed
in accordance with formulas (1), (2) in
chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) to give:

Fy (o zo)*—2M j dz [ [‘2

2 (X, + X, 2, + 2)COSQ + %(x0 FX,2,+2) sina] (b(z)) - x?dx
0 bz Z

Zo
b(z)

AFy(3p,7,) _ " w [
d R(Ij’ ) j

2o

Z
2 (X + X2, + 2)COSQ + dd (X, +X,2, +z)sinaj (b(z)f = x?dx
<0

(8)

R(1-1/cos@)
gp

where b(z) =

The total force and its derivative on this tip are then
given by:

F(xy,20) = Fi(x4,29) + F, (x4, 2,)

dF(xO,ZO):dF’l(xO,zo)+dF2(x0,zo) )
dz, dz, dz,

Magnetic Force Microscopy: Quantitative Results Treatment

2.7.10 Magnetic field of ring with current

Let us calculate the magnetic field generated by
direct current J passing through a ring of radius R
(Fig. 1). Let the width and thickness of a conductor
be much less than R.

AY

@Z

fi

e

Fig. 1. Schematics of ring with current

AZ —

I

Fig. 2. Cross-section of the ring

According to the Biot-Savart-Laplace law [1, 2], the
magnetic field produced by a current-carrying wire
element of length d/ at distance » from it in
Gaussian coordinates is given by

[dl r]

I"

dH = p——— (1)

where f = i, ¢ — light velocity
c

Placing the right-hand coordinate system XYZ into
the ring center so that the XY plane lies in the ring
plane (Fig. 1, 2) and noting that the problem is



symmetrical relative to the ring center, it is enough
to determine the magnetic field distribution in a
plane containing vector codirectional with the ring
radius and the Z-axis. For mathematical
convenience we can choose the plane XZ and
determine the magnetic field at point A(x,,0,z,) as
shown in Fig. 2. The radius-vector  from point A
to the ring element d/ as a function of angle o is
given by the following expression

—Rcosa
r=a-R(a)=| y,—Rsina (2)

Zy

Elementary vector d1 as a function of R and angle
a 1s written as follows:

Rsina
dl=| Rcosa |da 3)

0

Substituting expressions (2) and (3) into formula
(1), we get

zyRcosa

B

dH (x,,0,z,) =
(\/zg +x; +R* —2x,R cosoz)1

—z,Rsina da

R?cos2a — x,Rcosa

4

To determine the total magnetic field produced by
all the ring at point A(x,,0,z,), one needs to
integrate every component of vector dH with

respect to a from 0 to 2m. Then, the components

X, Y and Z of vector H in accordance with (4) are
defined as:

2
Fz,R f  cosa

H (x,,0,2)) = da
(,lzj +x; +R2)j !1.(1—/“7050l)3/2
H,(%,,0,2,) =0
 cos2a X T cosa
H_(x,0,2,) = Il k 3/2 R Wda
('Zo‘*'xo‘*'R )’ o cosa) o (l—kcosa
()
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2x,R

2

where k = —————-.
Zy + x5 +R

Unfortunately, functions of

cos
k)= d
S &) '([(l—kcosoc)y2 ¢ and
0 cos2a
g(k)= j—da

o (1-k cos05)3/2

type can not be expressed through elementary
analytic functions, therefore, calculation of H_ and

H _ can be performed by numerical integration.

Formulas (5) give the magnetic field distribution in
the XZ plane. It is clear that due to the problem
symmetry, the magnetic field along the Y-axis is
zero and at an arbitrary point B(x,,),,z,) it is

x—°|1/x§ + . ,O,ZO] in the

|xo

equal to that at point A(

XZ-plane. Accordingly, formulas (5) are rewritten
as:

H (5 90,2,) = Pz, R ZJ‘ cosa da

T (Jm e aw) 0(-keosa)”
H, (%0, ¥5,%0) = LS j 0020 o Yo NN N f_ cosa da

e [N R =

(6)

2 2

X,  2R\x5+ Yy,

where k =

|xo|(zO +x0 +y0 +R )

Because z, behaves as a parameter in the integrand
of functions f(k) and g(k), the first and second

Z-derivatives of the magnetic field components can
be obtained by direct differentiation of functions
H_, H_ with respect to z, and subsequent

numerical integration. For example, the first z, —

derivative of H _ in accordance with (6) is given by:



Bz R
de(xo,yo,Zo):d ( z, +x0 +J’o +R’ )? T cosa

+
dz, o (1-kcosa) 3/2
{ cosa }
. Bz R 2 —kcosa)’ i dk(zo)
(w/Zo +X A+ R )3 0
(7)

The other components of vector H are calculated
similarly. In case x, =0, y, =0 (point A is on the

ring axis) formulas (6,7) are transformed as follows

H, =0
H() =Pl 2kt o
dH (z,) _ 5 67R’z, (8)
T P
d°H.(2)) _ 567k [4z0 R’
= &+ 2]

Using analitical expressions of the magnetic field
first and second Z-derivates, one can calculate the
interaction force (and its first derivative) between
magnet probe and rectangular conductor with
current. These calculations for different probe
geometry are given in Appendices.

& Summary

Derived are formulas (6-8) for the spatial
distribution of the magnetic field and its derivatives
along the Z-axis over a current ring.
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e Appendices

Appendix 1. Calculation of the force and force
gradient on a cylindrical ferromagnetic probe in
the magnetic field of a ring with current.

Let us determine the force and derivative of the
force acting on cylindrical ferromagnetic tip of
radius R, length L and magnetization M, placed
in a magnetic field of a current-carrying conductor.
Let magnetization vector M, be directed

throughout the tip volume on the angle o to the
cylinder base normal (Fig. 1).

t

ferromagnetic
material

S

Fig. 1. Schematic representation of a cylindrical probe.
Vector 7, has coordinates (X, ¥y, 2, ) -

As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force F acting on
magnetic cantilever and its derivative dF/dz, can
be calculated integrating the force acting on the
elementary volume over all the ferromagnetic
material. It shall be convenient to perform the
integration of an arbitrary function f(x,y,z) over
the cylinder volume in cylindrical coordinates
xX=rcos@ y=rsing z=z which gives

L27R

”If(x v, z)dxdydz = J‘ J‘J‘rf(r cos @, rsin @, z)drd pdz

000

(1)



Thus, changing variables X =x,+rcose,

Y=y, +rsing, Z =z we find that the force and its
Z-derivative in accordance with formulas (1, 2) in
chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) and (1) are determined
through function G(x,,y,,z) as follows

2z R H
Glxg30,2) = =M, | dwjr[‘”i : (7,57 cosa + e (7,5, Fysinar |dr
v o \Ldz, dz,

zg+L

F(xo’yoaz()): J.G(xo3yoaz)d2

0

dF (x4, ,,2)

d =G(x5 Y0520 + L) = G(xy, 39, 2y)
Zo

2)

where derivatives of magnetic field H in analytic
form are given by formulas (6,7) in chapter 2.7.10
Magnetic field of ring with current.

Appendix 2. Calculation of the force and force
gradient on a spherical ferromagnetic tip in the
magnetic field of a ring with current.

Let us determine the force and derivative of the
force acting on spherical ferromagnetic tip of radius
R and magnetization M, placed in a magnetic

field of a current ring. Let the magnetization vector
M, be directed on the angle « to the Z-axis (Fig. 2).

ferromagnetic

material
.

Fig. 2. Schematic representation of a spherical probe.
Vector 7, has coordinates (X, ¥, Z,)
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As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force F acting on
magnetic cantilever and its derivative dF/dz, can

be calculated integrating the force acting on the
elementary volume over all the ferromagnetic
material. It shall be convenient to perform the
integration of an arbitrary function f(x,y,z) over

the sphere volume in spherical coordinates
x=rsindcose, y=rsindsin@, z=rcos$ which
gives

R2rm

J‘”f(x, v, z)dxdydz = _[ jjrz sin Jf (rsin cos @, sin Isin @, r cos )d Id pdr
vV

-R0OO

€)

Thus, changing variables X =x,+rsin$cosg,
Y=y, +rsindsingp, zZ=z,+R+rcos$ we find
that the force and its Z-derivative in accordance
with formulas (1, 2) in chapter 2.7.3 Interaction of
the hard magnetic cantilever with the magnetic field
of the studied sample (general case) and (3) are
determined as follows

R 27 =z ). dH:
F(xo’yo’zo):*M,J.dVJ‘d(ﬂjr sin Y| 4
R0 0 Zy

(Z, ¥, )cosa + H, (N, 7, Z)sin a]dﬂ

Zo

R 27 n 2 2
dF(x“T):“’ZO) = —M/:Ldr.!‘d(p.!rz sin S[ddfglz ®,5,%)cosa + dd;[' (%,7,%)sin a]d&

where derivatives of magnetic field H in analytic
form are given by formulas (6,7) in chapter
2.7.10 Magnetic field of ring with current.

Appendix 3. Calculation of the force and force
gradient on a conical tip covered with a
ferromagnetic film in the magnetic field of a
current ring.

Let us determine the force and derivative of the
force acting on a conical tip covered with a
ferromagnetic film placed in a magnetic field of a
current-carrying ring. The tip has radius R, length
L and cone angle @; the ferromagnetic film has
thickness H ,;, and magnetization M, directed

along the Z-axis (Fig. 3).



ferromagnetic

probe tip

Fig. 3. Section of a conical probe covered with a ferromagnetic
film. Vector #, has coordinates (X,, ¥y, Z,)

As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force /' acting on
magnetic cantilever and its derivative dF/dz, can

be calculated integrating the force acting on the
elementary volume over all the ferromagnetic
material. It shall be convenient to perform the
volume integration in two steps.

The first step is the determination of the force and
its derivative acting on the spherical part of the tip.
For the sake of mathematical convenience we will
perform the integration over the sphere volume in
spherical coordinates (see Appendix 2. Calculation
of the force and force gradient on a spherical
ferromagnetic tip in the magnetic field of a ring
with current.).

Thus, changing variables X =x,+rsindcosg,

y=y,trsindsing, zZ=z,+R+H,, +rcosd

we find that the force and its Z-derivative on the
spherical part of the tip in accordance with formulas
(1, 2) in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case) are determined as
follows

-R

2z 4 dH
Fi(xy, y0,2) =M, | drjd(pj‘ﬁsingj(i,f,i)dg
0 0

~R—H g, 0

dF (xo, o5 Z9) S S
—=-M, dr|de|r 51113
dz, '[ I QJJ- dz;

~R-H 4, 0 0 0

(;? 7.2}

)
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where derivatives of magnetic field H in analytic
form are given by formulas (6,7) in chapter
2.7.10 Magnetic field of ring with current.

The second step is the determination of the force
and its derivative acting on the remaining part
of ferromagnetic film between two cones. In this
case, it is convenient to perform the integration
in cylindrical coordinates (see Appendix 1.
Calculation of the force and force gradient on a
cylindrical ferromagnetic probe in the magnetic
field of a ring with current.) with a changing radius
of integration that depends on the Z-coordinate.
Thus, changing  variables X =x,+rcosg,

Y=y, +rsing, Z=z,+z we find that the force

and its Z-derivative acting on the nonspherical part
of the tip in accordance with formulas (1, 2) in
chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) are determined as follows

ox b+ H 4,

Fy (%, ¥9520) = —2M, j dz[dp [ r ik (%, 5.2)dr
H gy 0 b(z) Z9
ae  bG)HH g )
M 2M J.dZJ‘ng J i‘d]—z[(fj/,f 5
dz, Hu, 0 b(z) dz;
(6)
R(1-1 0
where b(z) = 2= R(L-1/cosy) nw=2_Y%
gy 2 2

The total force and its derivative on this tip are then
given by:

F(xmy()azo)zE(XOJyOaZO)"'Fz(Xano:Zo)
dF(xmyo’Zo)=dFl(XanOaZo)+ sz(anyo’Zo) (7)
dz, dz, dz,

Appendix 4. Calculation of the force and force
gradient on a conical ferromagnetic probe in
the magnetic field of a ring with current

Let us determine the force and derivative of the
force acting on a conical ferromagnetic tip placed in
the magnetic field of a current carrying ring. The tip
has radius R, length L and cone angle &;
its magnetization M, is directed at angle of a to

the Z-axis (Fig. 4).



ferromagnetic
material

/

Fig. 4. Section of a conical ferromagnetic probe.
Vector #, has coordinates (X, V,,Z,)

As shown in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case), force /' acting on
magnetic cantilever and its derivative dF/dz, can

be calculated integrating the force acting on the
elementary volume over all the ferromagnetic
material. It shall be convenient to perform the
volume integration in two steps.

The first step is the determination of the force and
its derivative acting on the spherical part of the tip.
It is convenient to perform the integration over the
sphere volume in spherical coordinates (see
Appendix 2. Calculation of the force and force
gradient on a spherical ferromagnetic tip in the
magnetic field of a ring with current.). Thus,
changing variables X =x,+rsindcosg,

Y=y, +rsindsing, zZ=z,+R+rcos$, we find

that the force and its Z-derivative acting on the
spherical part of the tip in accordance with formulas
(1, 2) in chapter 2.7.3 Interaction of the hard
magnetic cantilever with the magnetic field of the
studied sample (general case) are determined as
follows

F(x0,50,20) =—M, J. a’rjzl(p!rz sin S[%(Z,ii)cosa + %(3, 7,2) sinajd&
0 0 0 0

-R

R “R(l-cosy) 21 z 2 2
CUCSNE Y [ arfdp[rsing H. 5 5 %yoosa+ s 3,5, 7)sina |49
dz, [} d: d

2 2
“r Zo 2y

(8)
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where :%_g and derivatives of magnetic field

H in analytic form are given by formulas (6,7) in
chapter 2.7.10 Magnetic field of ring with current.

The second step is the determination of the force
and its derivative acting on the cone excluding its
spherical part. In this case, it is convenient to
perform the integration in cylindrical coordinates
(see Appendix 1. Calculation of the force and force
gradient on a cylindrical ferromagnetic probe in the
magnetic field of a ring with current.) with a
changing radius of integration that depends on the
Z-coordinate.

Thus, changing

variables X =x,+rcosg,

Y=y, +rsing, Z=z,+z we find that the force

and its Z-derivative acting on the conical part
of the tip in accordance with formulas (1, 2) in
chapter 2.7.3 Interaction of the hard magnetic
cantilever with the magnetic field of the studied
sample (general case) are determined as follows

L 2 b(z)
Fy(Xy, Y0 2,) = —2M, j dzjdq; j r(%(}, F.7)cosa + ﬂ(f, 7,%)sin a]dr
) o 0 Zy dz,

R(1-cosy

F:, L 27 b(z) ZH - ZH o
M:JMI I dzId(pI r dd = (X,y,Z)cosa + dd ~(X,7,Z)sina |dr
Z,

d 2 2
Zo R(l-cosy) 0 0 0 0

)

where b(z) = Z_R(I_I/COSW).

gy

The total force and its derivative on this tip are then
given by:

F(xoayoozo):Fi(xmyoazo)"'Fz(xoaJ’OaZo)
dF(XOoYOsZO) dE(XOaJ’OaZo)+sz(x()ayOaZo) (10)

dz, dz, dz,

2.7.11 Magnetic field of cylinder domains

Let us calculate the magnetic field generated by a
cylindrical domain of radius R and height ~ along
the longitudinal axis of symmetry (Fig. 1). Assume
that domain magnetization M is uniform over its
volume and is directed along axis Z.



A
Z,
. 4 TN
A A4 4
h |
; M
"_-— ’: l-.‘\

Fig. 1. Schematic representation of a cylindrical domain

Dividing a cylindrical domain into elementary
annular  domains with  magnetic moment
dm = 2nMrdrdz , where r — distance from domain
center to annular domain (ring radius),
we can calculate, according to formula (5) in
chapter 2.7.1 MFM general concept, the magnetic
field created by this elementary domain at distance
z:

2
JH = dm—3cos” Bdm (0
ENOE
where cosHZ;. It is obvious that due to

NzP 4
the cylinder symmetry, the magnetic field
of the elementary domain is directed only along
the Z -axis. Integrating over the cylinder volume
we obtain:

z,
H(Z,)=2aM j

Z,

£ 1—322/(zz+r2) drds =2 Zy+h N Z,
J( (zz+r2)3/2 Jrrz_ ™ \/(Zl)+h)2+R2 \/Z§+Rz

h 0

2)

According to formula (2) in chapter 2.7.1 MFM
general concept. the signal registered by MFM is
determined by the second derivative of the magnetic
field. Let us analyze the field and its derivatives
dependence on distance Z. The qualitative plot of
magnetic field and its first derivative vs. distance Z
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in cases hA>>R and h<<R calculated

accordance with (2) is shown in Fig. 2-5.

hR%Z*

2n

I(HA )

e ] U,

z
Fig.2. H(z) plotincase h << R.
Solid line shows asymptote
3Rt
=
=
I
5
R z
Fig. 3. dH (z)/dz plotincase h << R .
Solid line shows asymptote.
1z
_ AThR48T
= :
T i
= !
|
R z
Fig. 4. H(z) plotincase h >> R.
Solid line shows asymptote
1z
=3 47hRAHBT!
[y
=
T
=
=1
F Z

Fig.5. dH (z)/dz plotincase h >> R .
Solid line shows asymptote

in



As can be seen from Fig. 2-5, the magnetic field
decays at distances determined by domain
dimensions. Far from domain surface both magnetic
field and its derivative have asymptotic behavior. In
case h << R the second derivative dependence on

Z for Z>>R fitsa 1/Z° law. In case s >> R the
second derivative for Z >R obeys a 1/Z* law and

for Z>>R —a1/Z° law.

Thus, if during the qualitative study of magnetic
field distribution in the scanning mode a magnetic
domain is revealed to be cylindrical, then the
analysis of magnetization dependence on distance
F.(Z)~dH/dz over the domain center permits
to determine magnetic film thickness 4 and
cylinder radius R. The qualitative estimation
of ratio /R can be obtained from the general

characteristic of the F,(Z) dependence.

i Summary

— Calculated is the magnetic field (2) generated by
cylindrical domain of radius R and height %
along the longitudinal axis of symmetry.

— If during the qualitative study of magnetic field
distribution in the scanning mode it is revealed
that magnetic domain is cylindrical, then the
analysis of magnetization dependence on
distance F.(Z)~dH/dz over domain center
permits to determine magnetic film thickness 4
and cylinder radius R .

— The qualitative estimation of ratio A/R can
be obtained from the general characteristic
of the F,(Z) dependence.

2.7.12 Magnetic field of periodic parallel
domains

Let us calculate the external magnetic field
generated by domains of periodic parallel structure
with domains width d;, and d, whose
magnetization M is the same in magnitude but
reverses orientation from domain to domain (Fig. 1).
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TR

4 |4

—»

e

Fig. 1. Schematic representation of magnetic domains periodic
parallel structure

We will consider only the case of magnetization
vector M orientation perpendicular to a sample
surface as shown in Fig. 1. We also assume that the
magnetic film thickness D is uniform over the
sample and its length and width are infinite.

This problem was considered in [] and the results
obtained are given here without derivation. The
magnetostatic energy of the structure shown in Fig. 1
is written according to [1] as follows:

V.=a,+).a,sin N o 2P exp(— 2z j

d+d, d+d, d +d,
(1)
where:
a, = 27DM 4 ~d, 2)
d +d,
D
a, = exp sinh| 2" \/_ (3)
d1 +d 2(d, +d,) )
b, = 8 M(d, +d )i2 inh ﬂnD\/;+ ycoshm
V4 d +d, d +d,
4)
2
u=1+21 )

and K - factor of the crystal energy anisotropy.
External magnetic field H(») created by this

structure is given by

H(r) = ~grad(V,) (6)



Then substituting (1) into (6) we can determine the
desired magnetic field at any point in space over the
sample.

In MFM, the second derivative of magnetic field
with respect to coordinate along a tip vibration
direction (see chapter 2.7.1 MFM general concept)
is usually measured. Therefore, to qualify the
registered in MFM parameters, we have to analyze
the qualitative relationship between 0°H(x,z)/0z>
and the problem input parameters. Fig. 2-4 show the
variation of 0°H(x,z) / 0z> along the X -axis
calculated according to formulas (1)-(6) at given
Z, D<<d,, dy,=d,/3 and for various ratios

between Z and d,.

JMMU

ool W

A

d Wid z, npowm. e,

.
-

X

Fig.2. 0°H(x, Z)/@Z2 qualitative profile along the X -axis
at height Z << d, .

[
-

o Hid 2, 1o, L

Fig.3. 0°H(x, Z)/(’ﬁz2 qualitative profile along the X -axis
atheight Z =d,

B
-

d Hid x, npomss. &L

d+d

L
X

Fig.4. 0°H(x, Z)/(’ﬁz2 qualitative profile along the X -axis
at height Z >>d,
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As seen in Fig. 2-4, the studied relations have period
equal to d, +d, and are qualitatively different at

various values of D<<d,. The qualitative
dependence of 0°H (x,z)/ 0z> on distance Z at

fixed point X (at the border between domains)
under condition D <<d,,D <<d, is shown in Fig. 5.

2
|

lg(d Hidz

d+d, Z
2n

Fig. 5. azH(x,Z)/aZ2 qualitative plot along the Z -axis

In this case as in case of a cylindrical domain
(see chapter 2.7.11 Magnetic field of cylinder
domains), the magnetic field decays at distances
determined by the magnetic structure dimensions.

Thus, if during the qualitative study of magnetic
field distribution in the scanning mode it is revealed
that magnetic domains have laminar structure
(Fig. 1), then the comparison of the phase change
profiles along the scan line ¢(x) with results shown
in Fig. 2-5 allows to estimate relation between
domain sizes and magnetic film thickness. The
quantitative analysis is available if the only set of
parameters d,, d, and D 1is fitted so that

calculation according to formulas (1-6) matches
best with experimental profiles ¢(x).

i Summary

— Determined is the magnetic field (1)-(6)
generated by parallel domains of periodic
(laminar) structure having width d, and d,

whose magnetization M is the same in
magnitude but reverses orientation from domain
to domain.

— If during the qualitative study of magnetic field
distribution in the scanning mode it is revealed
that magnetic domains have laminar structure,
then the comparison of the phase change
profiles along the scan line ¢@(x) with results



shown in Fig. 2-5 allows to estimate relation
between domain sizes and magnetic film
thickness.

— The quantitative analysis is available if the only
set of parameters d,, d, and D is fitted so that

calculation according to formulas (1-6) matches
best with experimental profiles ¢(x).

5= References.

1. C. Kooy, U. Enz, Philips Res. Repts. 15, 7-29,
(1960)

Building 167, Zelenograd, 124460, Moscow, Russia

Tel: +7(095)535-0305, 913-5736
CONTACT DETAI LS Fax: +?(l};5] 535-6410, 913-5739

e-mail: spm@ntmdt.ro; http://www ntmdt.ru

Magnetic Force Microscopy: Quantitative Results Treatment



